In this paper we show the existence of travelling wave solutions for a higher order generalized Cammasa-Holm type equation. We follow a variational approach by characterizing travelling waves as critical points of a suitable functional. The existence result follow as a consequence of the Mountain Pass Theorem.
Introduction
The Camassa-Holm (CH) equation
x ∂ t u + 3u∂ x u = 2∂ x u∂ 2 x u + u∂ 3 x u, x ∈ R, t ≥ 0, was derived in [1] as a model for dispersive shallow water waves. Here u denotes the fluid velocity in the x direction or, equivalently, the height of the water's free surface above a flat bottom. The nonlinear dispersive equation (CH) has a hamiltonian structure (ver [1] , [2] ). More precisely, the Camassa-Holm equation can be written as
where H is defined as
A. M. Montes in the work [5] established the existence of solitons (travelling wave solutions of finite energy) in the Sobolev space H 2 (R) for the following fourth-order p-generalized Camassa-Holm equation
= 0, when α 1 , α 2 > 0 and β ∈ R. In the mentioned work the autor showed that u(x, t) = v(x − ct) is a travelling wave solution for the previous equation if and only if u(x, y, t) = v(x−ct) is a travelling wave solution for the two-dimensional hyperelastic wave equation
when α 1 = 1, α 2 = α and p = 1. Studies for the hyperelastic equation can be see in [3] and [4] .
In this paper we are interested in considering equations type generalized Camassa-Holm of higher order. We study the one-dimensional generalized nonlinear equation
where M i (i = 1, 2) is a differential operator of order 2m, with m ≥ 2, of the form
with a i,j constants and the nonlinear terms f is a homogeneous function of degree p + 1 in the variables u, ∂ x u, and ∂ 2 x u having the form
where F is a homogeneous functions of degree p + 2 of the form
with p + 2 = p 1,j + p 2,j (if F j depends only in either q or r, we assume that F j is homogeneous of degree p + 2). In particular, we have F is a homogeneous function of degree p + 2, since we have that
then we obtain the fourth-order p-generalized Camassa-Holm equation.
We will establish the existence of solitons for the equation (1) ; for this, we follow a variational approach by characterizing solitons as critical points of an energy functional (ver section 2) and the existence of critical points follow by using the Mountain Pass Theorem (ver section 3). Throughout this work H k = H k (R) denotes the usual Sobolev space of order k equipped with the norm
and C denotes a generic constant whose value may change from instance to instance.
Variational approach for travelling waves
In this section we characterize travelling wave solutions of finite energy or solitons for the equation (1) as critical points of a suitable funtional. First, we establish some basic properties of the homogeneous functions F = m j=1 F j where F j satisfies (3) . Lemma 2.1. Let F = m j=1 F j where F j is a homogeneous function satisfying properties (3). Then we have that
Proof. 1. We only perform the proof in the case m = 1, p 1 = p 1,1 , p 2 = p 2,1 and F = F 1 . From the homogeneity with respect to r, we have that F (q, r) = r p 2 F (q, 1), and so ∂ r F (q, r) = p 2 r p 2 −1 F (q, 1), which implies that
The same argument shows that
So, using that p + 2 = p 1 + p 2 , we have that
2. First suppose that 0 < |q| ≤ |r|. Then using that p
The result for 0 < |r| < |q| is quite similar.
Next, a simple calculation shows that the evolution equation (1) has a Hamiltonian structure: Proposition 2.1. The nonlinear evolution equation (1) can be expressed in Hamiltonian form,
Now, notice that if u is a solution of the equation (1) of the type
then we see that the soliton-profile v should satisfy the ordinary differential equation
which, upon integration, yields
where A is a constant of integration. Among all the soliton-solutions we shall focus on solutions which have the additional property that the waves are localized and that v and its derivatives decay at infinity, that is,
Under this decay assumption the constant of integration in (6) vanishes and then the travelling wave equation takes the form
From the Proposition 2.1 we note that the natural space (energy space) to look for travelling waves is the space H m (R). Our strategy to prove the existence of a solution for (7) is consider the functional
where the energy I c and the constraint K are functionals defined in H m (R) given by
We will see that solutions of the equation (7) corresponds to critical points of the functional J c . We start by showing some properties of I c and K, assuming that m ≥ 2, α 1,j > 0 and α 2,j ∈ R for j = 1, . . . , m. 2. The functional I c is nonnegative. Moreover, there are positive constants C 1 (α i,j , c) < C 2 (α i,j , c) such that
Proof. 1. I c is clearly well defined for v ∈ H m (R). Moreover, note that if v ∈ H m (R) ⊂ H 1 (R) then, using inequality (5) and the fact that the embedding
is continuous for s ≥ 2, we see that there is a constant C > 0 such that
So, K is well defined.
2. This property is straightforward. Proof. A direct calculation shows for all w ∈ H m (R) that
Now, we note that
Thus, we have for all w ∈ H m (R) that
As a consequence of this we conclude that
meaning that critical points of the functional J c satisfy the travelling wave equation (7).
Existence of critical points
Our approach to show the existence of a nontrivial critical point for functional J c is to use the Mountain Pass Theorem.
Theorem 3.1. (Mountain Pass Theorem) Let X be a Hilbert space, ϕ ∈ C 1 (X, R), e ∈ X and r > 0 such that e X > r and
Then, given n ∈ N, there is v n ∈ X such that
ϕ(π(t)), and
Before we go further, we establish an important result for our analysis, which is related with the characterization of "vanishing" sequences in H m (R), m ≥ 2. Hereafter, B r (ζ) denotes the ball in R of center ζ and radius r > 0. 
Proof. Let ζ ∈ R and r > 0. Using the Hölder inequality and the fact that the embedding
. Now, covering R by balls of radius r in such a way that each point of R is contained in at most two balls, we find
In particular, we also have that
For any t ∈ R we see that
Using the hypothesis, it is not hard to prove that there exist
and that J c (e) ≤ J c (0) = 0. The third part follows by applying Theorem 3.1.
The following theorem is our main result. Proof. We will see that δ(c) is in fact a critical value of J c . Let (v n ) n be the sequence in H m (R) given by previous lemma. First note from (3) that
Using (4) we see that
Thus,
Then we obtain that
But from (8) we conclude for n large enough that
Then we have shown that (v n ) n is a bounded sequence in H m (R). We claim that *
Suppose that
Hence, from Lemma 3.1 we conclude that
Then, we have from (10)-(11) that
but this is a contradiction. Thus, there is a subsequence of (v n ) n , denoted the same, and a sequence ζ n ∈ R such that
Now, we define the sequenceṽ n (x) = v n (x + ζ n ). For this sequence we also have that ṽ n H m = v n H m , J c (ṽ n ) → δ and J c (ṽ n ) → 0 in (H m (R)) .
Then (ṽ n ) n is a bounded sequence in H m (R). Thus, for some subsequence of (ṽ n ) n , denoted the same, and for some v ∈ H m (R) we have that v n v, as n → ∞ (weakly in H m (R)).
Since the embedding H m (Ω) → L 2 (Ω) is compact for all bounded open set Ω, we see thatṽ
